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The ARCH(q) process is defined by
yt ¼ lþ nt; t ¼ 1; 2; 3; . . . ;T: ð1:1Þ
and
r2t ¼ a0 þ a1n2t1 þ    þ aqn2tq þ ft; t ¼ 1; 2; 3; . . . ;T: ð1:2Þ
nt are i.i.d with EðntÞ ¼ 0 and VðntÞ ¼ r2t ; and ft are i.i.d
with EðftÞ ¼ 0 and VðftÞ ¼ r2f . For estimation and applications
of (ARCH) models (see, Engle [1,2]; Bollerslev and Kroner [3];
Bera and Higgins [4]; Bollerslev and Nelson [5]; Diebold and
Lopez [6]; Pagan [7]; Palm [8]; Shephard [9]; Andersen and
Bollerslev [10]; Engle and Patton [11]; Degiannakis and Xeka-
laki [12]; Diebold [13], and Andersen and Diebold [14]). More-over, ARCH models have now become standard textbook
material in econometrics and finance as exemplified by, e.g.,
Alexander [15,16], Enders [17], and Taylor [18].
Engle and Gonzalez-Rivera [19] obtained Quasi-maximum-
likelihood (QML) estimator to ARCH models that rely on the
approximated conditional density by a nonparametric density
estimator. Li and Turtle [20] introduced the method of estimat-
ing functions to ARCH models. They derived the optimal esti-
mating functions by combining linear and quadratic estimating
functions. They also showed that the resultant estimators are
more efficient than the QML estimator. Moreover, for semi-
parametric and nonparametric estimation of the ARCH mod-
els (see, Linton and Mammen [21]; Linton [22]; Su et al. [23]).
Existing techniques for parameter estimation in ARCH
models are mainly maximum likelihood based. This means
that the probability structure of fytg has to be known. Usually
it assumes fytg has conditional Gaussian distribution. This
concern is very valid in finance as empirical data reveal fat-
tails and skewness which contradicts conditional normality.
Therefore, estimation procedures may be prone to modeling
errors.
This paper applies the Quasi-likelihood (QL) and Asymp-
totic Quasi-likelihood (AQL) approaches to (ARCH) model.0.1016/j.
2 R. Alzghool, L.M. Al-ZubiThe QL approach relaxes the distributional assumptions but
has a restriction that assumes the conditional variance process
is known. To overcome this limitation, we suggest a substitute
technique, the AQL methodology, merging the kernel tech-
nique used for parameter estimation of the ARCH model. This
AQL methodology enables a substitute technique for parame-
ter estimation when the conditional variance of process is
unknown.
This paper is structured as follows. The QL and AQL
approaches are introduced and the ARCH model estimation
using the QL and AQL methods is developed in Section 2.
Reports of simulation outcomes, and numerical cases are pre-
sented in Section 3. The QL and AQL techniques are applied
to daily exchange rate modeled by ARCH in Section 4. Sec-
tion 5 summarizes and concludes the paper.
2. Parameter estimation of ARCH(q) model using the QL and
AQL methods
In the following, parameter estimation for ARCH(q) model,
which includes nonlinear and non-Gaussian models is given.
We propose QL and AQL approaches for estimation of
ARCH(q) model. The estimations of unknown parameters
are considered without any distribution assumptions concern-
ing the processes involved and the estimation is based on dif-
ferent scenarios in which the conditional covariance of the
error’s terms is assumed to be known or unknown.
2.1. The QL method
Let the observation equation be given by
yt ¼ ftðhÞ þ ft; t ¼ 1; 2; 3; . . . ;T; ð2:1:1Þ
ft is a sequence of martingale difference with respect to F t;F t
denotes the r-field generated by yt; yt1; . . . ; y1 for tP 1; that
is, EðftjF t1Þ ¼ Et1ðftÞ ¼ 0; where ftðhÞ is an F t1 measur-
able; and h is parameter vector, which belongs to an open sub-
set H 2 Rd. Note that h is a parameter of interest. We assume
that Et1ðftf0tÞ ¼ Rt is known. Now, the linear class GT of the
estimating function (EF) can be defined by
GT ¼
XT
t¼1
Wtðyt  ftðhÞÞ
( )
and the quasi-likelihood estimation function (QLEF) can be
defined by
GTðhÞ ¼
XT
t¼1
_ftðhÞR1t ðyt  ftðhÞÞ ð2:1:2Þ
whereWt is F t1-measureable and _ftðhÞ ¼ @ftðhÞ=@h. Then, the
estimation of h by the QL method is the solution of the QL
equation GTðhÞ ¼ 0 (see Heyde, [24]).
If the sub-estimating function spaces of GT are considered
as follows,
Gt ¼ fWtðyt  ftðhÞÞg
then the QLEF can be defined by
GðtÞðhÞ ¼ _ftðhÞR1t ðyt  ftðhÞÞ ð2:1:3Þ
and the estimation of h by the QL method is the solution of the
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may not be obtainable. A misidentified Rt could result in a
deceptive inference about parameter h. In the next subsection,
we introduce the AQL method, which is basically the
QL estimation assuming that the covariance matrix Rt is
unknown.
2.2. The AQL method
The QLEF (see (2.1.2) and (2.1.3)) relies on the information of
Rt. Such information is not always accessible. To find the QL
when Et1ðftf0tÞ is not accessible, Lin [25] proposed the AQL
method.
Definition 2.2.1. Let GT;n be a sequence of the EF in G. For all
GT 2 G, if
ðE _GTÞ1ðEGTGTÞ0ðE _G0TÞ
1  ðE _GT;nÞ
1ðEGT;nG0T ÞðE _G0T;nÞ
1
is asymptotically non-negative definite, GT;n can be denoted as
the asymptotic quasi-likelihood estimation function (AQLEF)
sequence in G, and the AQL sequence estimates hT;n by the
AQL method is the solution of the AQL equation GT;n ¼ 0.
Suppose, in probability, Rt;n is converging to Et1ðftf0tÞ.
Then,
GT;nðhÞ ¼
XT
t¼1
_ftðhÞR1t;n ðyt  ftðhÞÞ ð2:2:1Þ
expresses an AQLEF sequence. The solution of GT;nðhÞ ¼ 0
expresses the AQL sequence estimate fhT;ng, which converges
to h under certain regular conditions.
In this paper, the kernel smoothing estimator of Rt is
suggested to find Rt;n in the AQLEF (2.2.1). A wide-ranging
appraisal of the Nadaraya–Watson (NW) estimator-type
kernel estimator is available in Ha¨rdle [26] and Wand and
Jones [27]. By using these kernel estimators, the AQL equation
becomes
GT;nðhÞ ¼
XT
t¼1
_ftðhÞR^1t;n ðh^ð0ÞÞðyt  ftðhÞÞ ¼ 0: ð2:2:2Þ
The estimation of h by the AQL method is the solution to
(2.2.2). Iterative techniques are suggested to solve the AQL
Eq. (2.2.2). Such techniques start with the ordinary least
squares (OLS) estimator h^ð0Þ and use R^t;nðh^ð0ÞÞ in the AQL
Eq. (2.2.2) to obtain the AQL estimator h^ð1Þ. Repeat this a
few times until it converges.
The next subsections present the parameter estimation of
ARCH model using the QL and AQL methods.2.3. Parameter estimation of ARCH(q) model using the QL
method
The ARCH(q) process is defined by
yt ¼ lþ nt; t ¼ 1; 2; 3; . . . ;T: ð2:3:1Þ
andtion for ARCH models, Alexandria Eng. J. (2016), http://dx.doi.org/10.1016/j.
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ð2:3:2Þ
nt are i.i.d with EðntÞ ¼ 0 and VðntÞ ¼ r2t ; and ft are i.i.d with
EðftÞ ¼ 0 and VðftÞ ¼ r2f . For this scenario, the martingale dif-
ference is
nt
ft
 
¼ yt  l
r2t  a0  a1n2t1      aqn2tq
 !
:
The (QLEF), to estimate r2t , is given by
GðtÞðr2t Þ ¼ ð0;1Þ
r2t 0
0 r2f
 !1
yt  l
r2t  a0  a1n2t1      aqn2tq
 !
¼ r2f ðr2t  a0  a1n2t1      aqn2tqÞ: ð2:3:3Þ
Given n^0 ¼ 0, initial values w0 ¼ ðl0; a00 ; a10 ; . . . ; aq0 ; r2f0 Þ
and n^2t1 ¼ ðyt1  l0Þ2, then the QL estimation of r2t is the
solution of GðtÞðr2t Þ ¼ 0,
r^2t ¼ a0 þ a1n^2t1 þ    þ aqn^2tq; t ¼ 1; 2; 3; . . . ;T: ð2:3:4Þ
The QLEF, using fr^2t g and fytg, to estimate the parameters
l; a0; a1; . . . ; aq is given by
GTðl; a0; a1; . . . ; aqÞ ¼
XT
t¼1
1 0
0 1
0 n2t1
..
. ..
.
0 n2tq
0
BBBBBBB@
1
CCCCCCCA
r2t 0
0 r2f0
 !1
 yt  l
r2t  a0  a1n2t1  aqn2tq
 !
:
The QL estimate of l; a0; a1; . . . ; aq is the solution of
GTðl; a0; a1; . . . ; aqÞ ¼ 0, where f^t ¼ r^2t  a^0  a^1n^2t1    
a^qn^2tq; t ¼ 1; 2; 3; . . . ;T and
r^2f ¼
PT
t¼1ðf^t  ^fÞ
2
T 1 ð2:3:5Þ
w^ ¼ l^; a^0; a^1; r^2f
 
is an initial value in the iterative procedure.
2.4. Parameter estimation of ARCH(q) model using the AQL
method
For ARCH(q) model given by (2.3.1) and (2.3.2) and using the
same argument listed under (2.3.2). Firstly, to estimate r2t , so
the sequence of (AQLEF) is given by
GðtÞ r
2
t
  ¼ ð0; 1ÞR1t;n yt  lr2t  a0  a1n2t1      aqn2tq
 !
Given n^0 ¼ 0; h0 ¼ ðl0; a0; a1; . . . ; aqÞ, Rð0Þt;n ¼ I2, and
n^2t1 ¼ ðyt1  l0Þ2, then the AQL estimation of r2t is the solu-
tion of GðtÞðr2t Þ ¼ 0, that is,
r^2t ¼ a0 þ a1n^2t1 þ    þ aqn^2tq; t ¼ 1; 2; 3; . . . ;T: ð2:4:1Þ
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r^nðytÞ r^nðyt; rtÞ
r^nðrt; ytÞ r^nðrtÞ
 
:
Thirdly, to estimate the parameters h0 ¼ ðl0; a0; a1; . . . ; aqÞ,
using fr^2t g and fytg and the sequence of (AQLEF)
GTðl0; a0; a1; . . . ; aqÞ ¼
XT
t¼1
1 0
0 1
0 n2t1
..
. ..
.
0 n2tq
0
BBBBBBB@
1
CCCCCCCA
R^1t;n
 yt  l
r2t  a0  a1n2t1      aqn2tq
 !
:
The AQL estimate of h0 ¼ ðl0; a0; a1; . . . ; aqÞ is the solution
of GTðh0Þ ¼ 0. The estimation procedure will be iteratively
repeated until it converges.
3. Simulation study
For simulation study, We applied QL and AQL approaches
for estimation of ARCH(1) model. The ARCH(1) process is
defined by
yt ¼ lþ nt; t ¼ 1; 2; 3; . . . ;T: ð3:1Þ
and
r2t ¼ a0 þ a1n2t1 þ ft; t ¼ 1; 2; 3; . . . ;T: ð3:2Þ
nt are i.i.d with EðntÞ ¼ 0 and VðntÞ ¼ r2t ; and ft are i.i.d with
EðftÞ ¼ 0 and VðftÞ ¼ r2f .
3.1. Parameter estimation of ARCH(1) model using the QL
method
For ARCH(1) given by (3.1) and (3.2), the martingale differ-
ence is
nt
ft
 
¼ yt  l
r2t  a0  a1n2t1
 
:
The (QLEF), to estimate r2t , is given by
GðtÞðr2t Þ ¼ ð0; 1Þ
r2t 0
0 r2f
 !1
yt  l
r2t  a0  a1n2t1
 
¼ r2f ðr2t  a0  a1n2t1Þ: ð3:1:1Þ
Given n^0 ¼ 0, initial values w0 ¼ ðl0; a00 ; a10 ; r2f0Þ and
n^2t1 ¼ ðyt1  l0Þ2, then the QL estimation of r2t is the solution
of GðtÞðr2t Þ ¼ 0,
r^2t ¼ a0 þ a1n^2t1; t ¼ 1; 2; 3; . . . ;T: ð3:1:2Þ
To estimate the parameters l; a0 and a1 , using fr^2t g and
fytg, The QLEF is given by
GTðl; a0; a1Þ ¼
XT
t¼1
1 0
0 1
0 n2t1
0
B@
1
CA r2t 0
0 r2f0
 !1
 yt  l
r2t  a0  a1n2t1
 
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and a1. Therefore
l^ ¼
XT
t¼1
yt
r^2t
,XT
t¼1
1
r^2t
: ð3:1:3Þ
a^1 ¼ T
PT
t¼1r^
2
t n^
2
t1 
PT
t¼1r^
2
t
PT
t¼1n^
2
t1
T
PT
t¼1n^
4
t1 
PT
t¼1n^
2
t1
 2 : ð3:1:4Þ
a^0 ¼
PT
t¼1r^
2
t  a^1
PT
t¼1n^
2
t1
T
: ð3:1:5Þ
and let
r^2f ¼
PT
t¼1ðf^t  ^fÞ
2
T 1 ð3:1:6Þ
where f^t ¼ r^2t  a^0  a^1n^2t1; t ¼ 1; 2; 3; . . . ;T.
w^ ¼ l^; a^0; a^1; r^2f
 
is an initial value in the iterative
procedure.
The initial values might be affected by the estimation
results. For extensive discussion on assigning initial values
in the (QL) estimation procedures (see Alzghool and Lin
[28,29]).
3.2. Parameter estimation of ARCH(1) model using the AQL
method
For ARCH(1) model given by (3.1) and (3.2) and using the
same argument listed under (3.1.2). Firstly, to estimate r2t , so
the sequence of (AQLEF) is given by
GðtÞðr2t Þ ¼ ð0; 1ÞR1t;n
yt  l
r2t  a0  a1n2t1
 Table 1 The QL and AQL estimates and The RMSE of each estim
a0 a1 l a0
True 0.010 0.980 1.30 0.010
QL 0.009 0.989 1.299 0.009
0.001 0.010 0.006 0.001
AQL 0.009 0.989 1.30 0.009
0.001 0.010 0.0003 0.002
True 0.050 0.950 1.30 0.050
QL 0.049 0.949 1.29 0.049
0.001 .0001 0.014 0.001
AQL 0.049 0.940 1.32 0.049
0.001 0.010 0.018 0.001
True 0.10 0.90 1.30 0.10
QL 0.098 0.910 1.29 0.098
0.002 0.010 0.019 0.002
AQL 0.098 0.910 1.31 0.098
0.002 0.010 0.012 0.002
True 0.1 0.90 0.03 0.05
QL 0.098 0.910 0.031 0.051
0.002 0.010 0.019 0.001
AQL 0.098 0.910 0.031 0.051
0.002 0.010 0.001 0.001
Please cite this article in press as: R. Alzghool, L.M. Al-Zubi, Semi-parametric estima
aej.2016.08.026Given n^0 ¼ 0; h0 ¼ ðl0; a0; a1; l0Þ, Rð0Þt;n ¼ I2 and n^2t1 ¼
ðyt1  l0Þ2, then the AQL estimation of r2t is the solution of
GðtÞðr2t Þ ¼ 0, that is,
r^2t ¼ a0 þ a1n^2t1; t ¼ 1; 2; 3; . . . ;T: ð3:2:1Þ
Secondly, by kernel estimation method, we find
R^t;nðhð0ÞÞ ¼
r^nðytÞ r^nðyt; rtÞ
r^nðrt; ytÞ r^nðrtÞ
 
:
Thirdly, to estimate the parameters h ¼ ðl; a0; a1Þ, using
fr^2t g and fytg and the sequence of (AQLEF)
GTðl; a0; a1Þ ¼
XT
t¼1
1 0
0 1
0 n^t1
0
B@
1
CAR^1t;n yt  lr2t  a0  a1n2t1
 
:
The AQL estimate of c;/, and l is the solution of
GTðl; a0; a1Þ ¼ 0. Therefore
l^ ¼
XT
t¼1
yt
r^nðytÞ
,XT
t¼1
1
r^nðytÞ
: ð3:2:2Þ
a^1 ¼
PT
t¼1
r^2t
r^nðrtÞ
  PT
t¼1
n^2
t1
r^nðrtÞ
 
 PTt¼1 1r^nðrtÞ
  PT
t¼1
n^2
t1
r^nðrtÞ
 
PT
t¼1
n^2
t1
r^nðrtÞ
 2
 PTt¼1 1r^nðrtÞ
  PT
t¼1
n^4
t1
r^nðrtÞ
  :
ð3:2:3Þ
a^0 ¼
PT
t¼1
r^2t
r^nðrtÞ
 
 a^1
PT
t¼1
n^2
t1
r^nðrtÞ
 
PT
t¼1
1
r^nðrtÞ
: ð3:2:4Þ
and let
r^2f ¼
PT
t¼1ðf^t  ^fÞ
2
T 1 ð3:2:5Þates is stated below that estimate.
a1 l a0 a1 l
0.980 1.30 0.010 0.980 0.030
0.989 1.30 0.009 0.989 0.029
0.010 0.006 0.001 0.010 0.006
0.989 1.29 0.009 0.989 0.030
0.009 0.0003 0.001 0.009 0.0003
0.950 1.30 0.050 .950 0.030
0.940 1.30 0.049 0.94 0.029
0.010 0.014 0.001 0.010 0.014
0.940 1.30 0.049 0.940 0.032
0.010 0.018 0.001 0.01 0.001
0.90 1.30 0.10 .90 0.030
0.910 1.30 0.098 0.910 0.023
0.010 0.020 0.002 0.010 0.029
0.910 1.32 0.098 0.910 0.031
0.010 0.021 0.001 0.010 0.001
0.95 0.03 0.01 .98 0.03
0.949 0.030 0.009 0.990 0.030
0.001 0.014 0.001 0.016 0.006
0.949 0.031 0.009 0.990 0.031
0.001 0.002 001 0.010 0.001
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Table 2 The QL and AQL estimates and the RMSE of each estimates is stated below that estimate.
a0 a1 l a0 a1 l
T= 20 True 0.010 0.980 0.030 0.05 0.950 1.3
QL 0.009 0.990 0.029 0.0495 0.9485 1.300
0.0008 0.0100 0.0319 0.0005 0.0015 0.0703
AQL 0.009 0.990 0.031 0.0495 0.9485 1.3107
0.0009 0.010 0.0084 0.0005 0.0015 0.0213
T= 40 QL 0.009 0.990 0.031 0.0495 0.9485 1.3015
0.00089 0.010 0.0223 0.0005 0.0015 0.0492
AQL 0.009 0.990 0.031 0.0495 0.9485 1.3113
0.00089 0.010 0.0039 0.0005 0.0015 0.0143
T= 60 QL 0.009 0.990 0.029 0.0495 0.9485 1.300
0.0009 0.010 0.0180 0.0005 0.0015 0.0404
AQL 0.009 0.990 0.031 0.0495 0.9485 1.311
0.0009 0.010 0.0027 0.0005 0.0015 0.0128
T= 80 QL 0.009 0.990 0.029 0.0490 0.9485 1.300
0.0009 0.010 0.016 0.0005 0.0015 0.0353
AQL 0.009 0.990 0.310 0.0495 0.9485 1.3112
0.0009 0.010 0.0020 0.0005 0.0015 0.0119
T= 100 QL 0.009 0.990 0.0292 0.0495 0.9485 1.3017
0.0009 0.010 0.0142 0.0005 0.0015 0.0314
AQL 0.009 0.990 0.031 0.0495 0.9485 1.3111
0.0009 0.010 0.0018 0.0005 0.0015 0.0116
Semi-parametric estimation for ARCH models 5The estimation procedure will be iteratively repeated until it
converges.
For this simulation study, samples of size T= 500 are
taken, and the mean and root mean squared errors (RMSE)
for a^0; a^1, and l^ are calculated, where N= 1000 independent
samples. In Table 1, QL represents the QL estimate and
AQL represents the AQL estimate.
The effect of the sample size on the estimation of parame-
ters is considered. Samples of sizes T= 20, 40, 60, 80, andFigure 4.1 The plot of the daily exchange rates of r
Please cite this article in press as: R. Alzghool, L.M. Al-Zubi, Semi-parametric estima
aej.2016.08.026100 were generated. In Table 2, The results are revealed that
the RMSE will be decreased when the sample size is increased.
4. Application to ARCH model
The QL and AQL methods developed in earlier section apply
to real data where the data are modeled by ARCH model (1.1)
and (1.2). The data set contains the daily exchange rate oft ¼ AUD=USD (Australian Dollar / US Dollar).
tion for ARCH models, Alexandria Eng. J. (2016), http://dx.doi.org/10.1016/j.
Table 3 Estimation of a0; a1; l for the exchange rate Pound/
Dollar data.
a^0 a^1 l^ ^nt
S:dðn^tÞ
QL 0.1300 0.8387 0.00012 0.00013
AQL 0.0200 0.9599 0.00111 0.1350
Figure 4.2 The plot of yt ¼ logðrt=rt1Þ.
6 R. Alzghool, L.M. Al-Zubirt ¼ AUD=USD (Australian Dollar/US Dollar) for period
from 5/6/2010 to 5/5/2016, 1590 observations in total (see
http://www.rba.gov.au/statistics/historical-data.html). rt
appear not to be stationary, as indicated in Fig. 4.1. We took
the nature logarithm of rt, and let yt ¼ logðrt=rt1Þ, t ¼ 1;
2; 3; . . . ; 1590. The series of yt is presented in Fig. 4.2.
We used the S+FinMetrics function archTest to carry out
Lagrange Multiplier (ML) test for the presence of ARCH
effects in the residuals (see; Zivot and Wang [30]). For rt the
p-value is significant (<0.05 level), so reject the null hypothesis
that there are no ARCH effects and we fit fytg by following
models:
yt ¼ lþ nt; t ¼ 1; 2; 3; . . . ;T: ð4:1Þ
and
r2t ¼ a0 þ a1n2t1 þ ft; t ¼ 1; 2; 3; . . . ;T: ð4:2Þ
nt are i.i.d with EðntÞ ¼ 0 and VðntÞ ¼ r2t ; and ft are i.i.d with
EðftÞ ¼ 0 and VðftÞ ¼ r2f .
Table 3 presents the estimates of a0, a1, and l achieves by
two methods. QL represents the estimate found by QL
method, and AQL represents the asymptotic quasi-likelihood
estimate.Please cite this article in press as: R. Alzghool, L.M. Al-Zubi, Semi-parametric estima
aej.2016.08.026We can see from the fourth column in Table 3 that QL gives
smaller standardized residuals. The QL method tends to be
more efficient than AQL method.
5. Summary
In this paper, the estimation of the parameters in ARCH mod-
els has been presented by two alternative approaches. The arti-
cle has shown that the QL and AQL estimating procedures
provide an efficient approach for estimating the unknown
parameter when the exactly probability structure of underlying
model is unknown. It will provide a robust tool for obtaining
optimal point estimate of parameters in heteroscedastic mod-
els, like ARCH model.
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